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On the existence, uniqueness, and analysis of asymptotic stability properties of the solution of

retarded differential systems

D. K. Igobi,”™ M. O. Egwurube® W. A. Adesola®

ABSTRACT

The special transcendental character of the characteristic equations of the retarded differential system makes it difficult to analyze such
systems. Researchers have used various acceptable mathematical techniques to address the issue. In this paper, the convergent properties
of an integral equation equivalent of a retarded system were used to establish the existence and uniqueness of the solution of retarded
differential equations. A numerical approximating technique was employed in solving the initial value problem of the retarded system and
the solution is presented in the form of a finite series. The asymptotic stability properties of this solution were investigated.

INTRODUCTION
In an attempt to analyse real life problems, the concept of
mathematical model or formulation of problems are readily employed
1977).
differential equations.

(Driver, The mathematical models often chosen are
Differential equations merely abstract the
reality of dynamic systems by disregarding certain physical facts
which seem to be of minor influence, such that in complicated
physical situations the differential equation does not guarantee the
true picture of reality (Kreyszig, 1979). The introduction of functional
differential equations (Hale, 1977; Driver, 1977; Cheban, 2002; Asl
and Ulsay, 2000 and Davies, 2006) has helped to address the lapses of
the differential equations in modeling dynamic systems.

Retarded equations are special class of functional differential
equations with time lag functions incorporated only in the state of the
system, which account for the past states as well as the present states
(Asl and Ulsoy, 2003).

equation is given as,
X(t) = f(t, x(t), x(t-nh)), n=123, ..,

where X(t) is the state of the system at time t, X(t) is the

A general retarded functional differential

(1.0)

derivative of the state function with respect to time t, and X(t — nh)

is the time lag function, with h > 0 defining the delay interval.

The challenges of analyzing system (1.0) include the establishment of
the theory for the existence and uniqueness of the solution, finding an
analytic solution, and analyzing the asymptotic stability properties of
the solution (Hale and Cruz, 1970). Necessary and sufficient
conditions for the existence and uniqueness of the solution of (1.0) are
of immense importance, and research to investigate these conditions
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are found in the works of Hale and Cruz (1970), Hale (1977), Driver
(1977), Onwuatu (1993) and Falbo (1995).

Hale (1977) provides necessary and sufficient conditions for global
existence and exponential estimates of the solution of non-linear

retarded system

%(t) = L(t, x(t=h)) +b(t), t>0

te [to—h,to].
This is extended to the linear retarded system (1.0) by Driver (1977)

and Falbo (1995).
The set back in analyzing system (1.0) lies in the special

(1.1)
x(t)= o,

transcendental character of its characteristic equation which renders
the determination of its analytic solution very difficult. Driver (1977),
Liu and Mansour (1984) and Lam (1991) employ the concept of
exponential estimate in solving the characteristic equation of (1.0),
while Hmamed (1986), Han (2001) and Asl and Ulsoy (2003) utilize
approximating techniques in achieving their results.  Different
acceptable techniques have been employed to investigate the
necessary and sufficient conditions for asymptotic stability properties
of the solution of (1.0) ( Hale, 1977; Driver 1977; Liu and Mansour’,
1984; Hmamed, 1986; Asl and Ulsoy, 2003; Han, 2001; and Davies
,2006).This paper explores the convergent properties of the integral
equation equivalent of (1.0) to establish the existence and uniqueness
of solution of the system. Also, a numerical approximating technique
is used in solving an initial value problem of the retarded system and
solution presented in form of finite series, whose asymptotic stability
properties are investigated for each delay interval by utilizing local
Lipschitzian condition.
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METHOD OF STUDY
Notations

E" is an n — dimensional Euclidean space for n > 0, with |||| as the

Euclidean vector norm. BH ([to - h,t], En) is a Banach space of

continuous  differentiable  function on [to—h, t], where

¢h:t, —h,t]>E" 3 and his continuous .¢(s) is a

continuous differentiable function with norm in

B, ([to —h,t], E”) defined as ||(0(S)||= sup |(0(S)| , and
to—h<s<t,

X(s) = x(t -h), t >

B, (it, —h,t] E").

t, defines the trajectory segment in

PROBLEM STATEMENT
Consider a general initial value problem of a retarded system of the

form
X(t) = f(t, x(t—h)), h>0
X(s) =@, t,—h<s<t, (2.0)

where X(t) is derivative of the state function x(t) with respect to

time t, and X(t —h)is a continuous time lag function with h > 0

defining the delay interval. For a given initial
condition X(S) = @,, t, —h< S<t, does system (2.0) admits a

unique solution?
Theorem 1
Let x(t) and f be continuous E"-valued function with domain

D= {(x 1[X(s) = @,(s)| <h,selt,—nh,t]n 21)},

such that f:(t,—nht)—>D is a contraction in

:(
B, ([to —h, t], E" ) . Then there exists a unique solution of (2.0).

Proof
The integral equation equivalent of system (2.0) is given as

Pa®=0, )] T 0,6)ds @

Assume X(t)=¢,,,(t) is a solution of (2.1) passing through

(2s(S)te) (@,a(8)t) € By, (it, —h, t], E") x E,
(bn+l(t) = f(t’ D (t_h))

differentiable on the close interval [to — h,t], let there exists a

then Since f is continuously
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positive real value m>0 such that f (t;, ¢(t—h)) >m, for any
t, eft,—ht].  suppose that at t, ft,—ht],
f(t,,p(t, —h))=e,(s), where t, —h<s<t, it
implies

@,(s)=f (t,, o(t, —h))>m.

Since ¢, (S) is a solution on [t, —h,t, ], then for every t,>t;

(22)

t, e [to - h,t], there exists a solution

o, (s)=Tf(t,,p(t, —h)), wheret, —h<s<t, and
?,(5)>@,(s).  Therefore,  for  t elt, —ht],
@, (s)=T1(t,, @(t, —h)) . Thus we have a sequence of nested
solutions { ¢, (S) } in the close interval [t, —h,t]. Let f bea

contraction in B, ([t0 —h, t], En) X E" and for any real

constant 0 <mg<1,

It ot —h))|<my|e(s)| . t, —h<s<t

ft, p(t-h)), f(t,, p(t-h)), .
f(t,, ¢(t—h)) are closer for each

(23)

holds.  Thus

> > >t

Assume { ?y (s) } to be a bounded monotone increasing sequence

of solution, for any positive value & > O, there exists at least one

positive integer i>0 such that

lo(s)|—&< @i (s)<|p(s)] (24)

Now ®,(S)<@,,,(S) for all n, hence for every n>1,

@, (S) satisfies (2.4), and hence
le(s)|—&< @, () <))+ &

The norm ||(0(S)|| = tStl<p<t||(p(s)|| defines the least upper bound
o—h<s<

of f and

lime, (s)=@(s), t, —h<s<t.

Also from (2.1),

1 ¢, () = lim( 9,0+ [ £(5.0,9) o)
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=limeyt)+ [, Im(f(s, g, ()ds)

= lim g, (t,) + [ : h(f (s, limo, (s))ds — o(t) 25)
N—o0 0~ N—o0
Therefore by (2.4) and (2.5), solution of system (2.0) converge to the

@(t), where @(t)is a continuous differentiable function on

B, ([t,—h, t], E").

Assuming
Onn(®) =0(t,), + I: L f(S, @ (S))dS is another solution

of (2.0) on [to — h,t] such that for any real value k>0 on

[to _h’t]

TRORAOE [ RTCYAC) S R OYAO)S
max

<Ko, max V(5]
were Vo =It~t ) ana V)] =, (5) ~ 2, (5]

By the contraction of f in B, ([to —h,t], En) X EN, kis the

o(t).

(2.6)

Lipschitz constant and f is bounded with a fixed point

Thus (2.5) is the unique solution of (2.0).

NUMERICAL APPROXIMATION PROCEDURE

An analytic solution of (2.0) is not easily obtained unlike its
equivalent ordinary differential system. A numerical approximation
method is employed on each delay sub-interval, and the solution is
presented in form of a finite series. The procedure involve the
approximation of solution of the system foreach T;;i=1,2,3, ., ., ., n
delay subinterval as the delay h varies on a regular basis. The solution
on the preceding interval is use to approximate the solution on the
immediate succeeding interval, with the time function (t) depending
on the origin of each delay subinterval under consideration

Linearizing the time variants (f(t,X(t—h))) of (2.0) with

respect to x(t) results in a simple linear first order retarded equation
represented by the initial value problem

X(t)=ax(t-h), h>0
X, (8)=9,, t, —h<s<t,

where ‘a’ is a scalar and X(S) = (y,, is the initial value at

(3.0)

t,—h<s<t system (3.0) admits a unique solution on
[t, —h, t].

Consider (3.0) on T; sub-interval,

T: t,-h<st<t,

T,: t,<t<t,+h

T,: t,+h<t<t,+2h

T,: t+2h<t<t;+3h

T: t,+(h-Dh<t<t,+nh,,

for h > 0, the solution is formulated using the numerical
approximation for each delay subinterval as follows.
For

T,: t,—h<t<t,
Mm=q%mm+%
:aj(podt + C.

=ap,t + C;

Att=t,—h, X(t) = ¢@,, and substituting for t and X, (t) in
(3.1), we obtained

X, ()=, +ag, (t—(t, —h)). (3.2)

ForT,; t, <t<t,+h,

xz(t):af X, (t)dt +c,,

=a (g, + g, (t, — (t, —h)))dt +c,.

2

agt + %, (% —(t,—h)t) +c, (3.33)

At t=t,, X, (t)=¢, +ag,(t— (t, —h)), and substituting for
tand x,(t) in (3.3a), we obtained,

t? -t

TR ) (3:3b)

X, (t) = g, +ag,(t—(t, —h)) + a2§90(

ForT;; ty+h<t<t,+2h,

Xa(t) = al X, (t)dt+cq,
{22
2 0
=4l (g +apy (t-(ty-h))+a (pO(T ~(t-tg Ntg ~h)) dt-+c5.
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At

2 42

t=t,-h, X(0)=p, +ag, ({—(t, ~1) + 2%, (%—(t )t -,

substituting for t and x3(t) in (3.4a) we obtained

y (1
=9y +a00([1—[10—h))»a | 5l g4

(3.4b)
g et gye?
2yl bl ly gy -
ForT,, t,+(n=Dh<t<t,+nh,

Xp (1) = al x,_q (Odt+c,_y

2,2
2 ot
= al ((vg+agy ((t-(tg-h))) + 2 goo( 2!0 j (- (tg — )ty (tg — h)dt+

3_(tem® t2—(t,+h)2
+aj((a3¢0[t (;! h) ‘23!+ (t=(tg +)t)tg—h) | | fot ...

tn—1_ t _1h n-1
+aj(a”‘1¢0((?;(;!)) - (t(ty—(n-D)h)...ty (tgh) Ddt +c,

Att=t,—(n-Dh, x, (t)=x,,(t),,

2 (24
iy = 0 + 2wt~ (tg ) + & gp| — L=t +Mtg (tg—h)

a8 (t3~(ty+h)’ ‘ (t?~(ty +2h)?
%0 3 2

(t-(tg +h)tg g —h)j+ .

1 1
+ anl O((tn ~(ty+(n-Hn)"

=T = —=(t-(ty-(n-D)h) .., (to—h)j

L L L (A e
ta % NI n!

(1(to+nh)(to(nl)h)...(t0h)) (3.5)

Stability analysis

Considering the resulting approximate solution of system (3.0) on
each TT;;i=1,2,3,. .. n delay subinterval with a corresponding
initial condition as stated below,

T,: t,—h<t<tyand X,(t, =)=,
X, (t) = @, +agy(t —(t, —h)).
T,:t,<t<t,+hand

X, (o) =g +ag, (t—(t, - h)).

2 2

;! . _(t_to)(to - h))

X (t) = ¢, +ag,(t—(t, —h)) + az%(

Tt +h<t<t;+2h, and

t> -t

2!

X,(t, +h) =g, +ap,(t—(t, —h)) + az(po( —(t-1,)(t, —h))

t2 2

2
x3(t) = ¢y + a¢0((t—(to+h))+ a (po( 2!0

+(t(t0+h)t0(t0h)))

3 (y+n?

t2-(ty+h)?
+a gy 3 - (

o (t=(tg + tg)(tg ~ )

T;t,+(n-Dh<t<t,+nh, and

X,(t +(N=Dh) = x, (1),

) 12713
X, =0y +angt-(y ) +2 0g (g1

2%, +

; (-t +0® (1 -ty+2n)?
3 2

~(t-{tg +hity h)j+..

N (G R D
T T’*”(T*(tof(ﬂfl)h)‘..to(lo—h)

) (t”(tomh)” "Lty +(o-gn)" !
+2 9y :

— ; (I—(t0+nh)(to-(n—l)h).(Io—h))
The asymptotic stability properties will now be analyzed for any

change in the initial condition X(S) = @, t,—h <s<t.

Definition Han(2001),
(i) The solution x(t) of system (3.0) is Lyapunov stable if for

any & > 0, there exists 0 = 5(’[ —h, 8) > 0 such that

if lo(s)| < & then
[x(t —nh,e(s))| <&, t, —h<s<t,.
(i) The solution x(t) of (3.0) is asymptotically stable if it is

Lyapunov stable, and there exists a O, 251(t—h)

satisfying ||¢(S)|| <o, such that
[X(t —nh,p(s))] > 0 ast — .
(iii) The solution x(t) is uniformly asymptotically stable if it is

stable, and furthermore there exists 52 > 0 (independent
of th) such that if [jp(s)|<J,, then

||X(t - nh,¢(s)]| —>0ast—o0.



122

Igobi et al.

Theorem 2

Assume f:B, XD —>E" fo DcE" is continuous,
satisfy local Lipschitzian condition on [to + nh,t], n=012...,
and global Lipschitzian condition on [to —h, oo) ,and is compact in
D . The resulted solution X(t —nh, ¢, (S)) of (3.0) is,

(i) Lyapunov stable if for any change in the initial
condition  X(t) = @, (S), t, —h<s<t,, the
solution  X(t —nh, ¢, (S)) remained valid on the
entire[t, —h, o).

(i) Asymptotically stable if
Iimit”X(t —nh, ¢, (S)]| =0 for an infinite

increment in time (t).
Proof

Since(3.0)is continuous on each [ t, + nh,t] forn=0,1 2,...

and by the approximating technique formulation, let there exist

solutions,

X(t) = f(t—nh, g,(s))and
X(t) = f(t—nh, @,(s)), for t,—h<s<t,. (4.1)
satisfying (3.0). If for any pre-determined constant & > 0 there

exists a 525(’[—h, 6‘), for 0<t—h<d <&, such that

[X(t) = X(t)]| < & holds, it follows that,

[T(t=h, @y(s))— F(t—h, &, (s)) < <. 4.2)

This implies that X(t —nh, ¢, (S)) is valid on [to —h, oo), and
is Lyapunov stable.

If 9, isaconstant, and 0 <t—h <&, <& such that
o, = 51('[ — h)>0, then (4.1) implies”X(t) — )_((t)” <9;. Also
since (3.0) is locally Lipschitzian on [to + nh,t], then
X (t—nh, @,(s)), i=1 2,3, ...n of (32), (33) and
(3.5) are monotone functional solutions on the bounded interval
[t, + (n—=1)h, t, +nh].

By Weierstrass — Bolzano concept of boundeness in a close

interval,

K to+h, 09())-x( tg+h, 7pXs))
2

Xl( t0+h, (po(s))*;l( t0+h, 430(5))

Xn(t —-h, ¢, (S)) and

X(tg+h. 00(9))-x( to+h, 7))

22 H

xz(t0+2h, ¢0(s))—;2(t0+2h, aO(S))

K1+, 0p(9))-x(tg+h, 75(9)
g H

(g, g(9))-xn (140, 7 (5))

holds.
Therefore,

x(to +h, oy (s))—x( to+hs &0 (s))

< b (tg+h 0 (9))-x1(tg +h, 2y (5))

+ xz(t0+2h‘(oo(s))—;z(loﬁhﬁo(s))

+

Xy (g +1. 0 (s))—;n (tg+nh 0y (9))

(g, 29(6))-a(tp+h, 7y(5)
zn

. (4.3)

By the continuity of f on [t0+nh,t], the solutions

;(n(t -h, ¢ (S)) converge to

o(t) and @(t) respectively. Thus T forms a compact set in D,

P(1)-p(t)
Zn

lim =0.
N—o0
t—w

(4.4)

Therefore the resulted solution of (3.0) is asymptotically stable.

ILLUSTRATION

Consider the retarded system of the form,
X(t) =1+ x(t-1)
% (D)=1 x,(t—1)=1and t e[l )

(5.0)

By the numerical approximation method in (3.0),

X () onl<t<2,

X, (t) = j L+ X, (t—1)dt +c,
(51)
=[2dt +c,

Solving (5.1) at an initial state of X, (1) =1,
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x,(t)=2t-1 =1-2-(t-1).(52a

and X, (t-1)=1-2[-(t-2)]. (5.2b)
Considering X, (t) on 2<t <3,
X%t =] @+x-D)dt+c,
= [ @+2t-2)+ndt+c, =t'-2t+c, 53
Solving (5.3) at an initial state of X, (2) =1—2[— (t —1)],

X,(t)=t>-2t+3
=1- 2{— (t-2) - %} , (5.42)
And
X,(t-1)=1- 2{— (t-2)- (t_z—?)z} (5.4b)

Considering X5 (t) on 3<t <4,

X, (t) = j 1+ X, (t—1))dt +c,

N (1+2{(t 2). 29 }ndtﬂ:

=.[(t2 —4t +7)dt +c,. (5.5)

Solving (5.5) at an initial state of

x2(3)=1—2{ -1~ 2)}

3

x3(t):%—2t2+7t—9

=1- 2{— (t-1)— (t-2)7 (t-3)° } ,(5.6)

2! 3

and

x3(t—1)=1—2{—(t—2)—(t_2;3’) _(t—3!4) }

Therefore for X, (t) on n<t<n+1

X, (t) = j 1+ X, (t—1))dt+c,

.(5.6b)

123

t-2?% -3° t-o* t-n)"
Xn(t)_lzli(tl) 21 3l T

_n3 (t_5)% t(n+1))"
and xp (t-1) =1-2 { (t=2) (t-3)? (-4 (t5) (D) }
21 3! 41 n!

Indeed, the general solution of (5.0) is expressed as

x (1) =1-2exp(—(t—i)), 1<i<n, (5.78)
where i measures the change in time lag (h) and

X, (t—1) =1-2exp(— (t - (i +1))). (5.7b)
The result (5.7) above is comparative to the iterative method for an

equivalent ordinary differential equation of (5.0)
Also by theorem 2 , the solution x(t) is asymptotically stable, if

1%, (£) = X, (t)]| < & such that !im||xl (t)— %, ()] =0

Using solutions (5.2a), (5.4a) and (5.6a) with the initial conditions,
then

lim[x, . (t) ~ %, ()] = im 2exp(~(t ~1)) = 0

This implies that every solution of system 5.0 is asymptotically stable.

CONCLUSION
The theorem on the existence and uniqueness of solution of delay
retarded system is established and proved using the convergent
properties of an integral equivalent of the retarded system. A
numerical approximation method is employed to find solution of the
system equation for each n-subinterval, and the asymptotic stability
property is analyzed. Results obtained from illustration proved the

suitability of this analysis.
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